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Answers to Prof. Johnson's Query in No. 3. — "Query. Let u 
= . Now if a = cvo, u = independently of the value of x, there- 

(111 (lit 

fore we should have -=- = when a = oso. But we find -=- = cosine ax 
ax ax 

which is essentially indeterminate when a = oo. What is the explanation 

of this paradox?" 

By B. J. Adcock. — When w= independently of a; it is not a function 
of x, and therefore cannot be differentiated with respect to x. Therefore 
the value of du-t-dx is cos ax independently of the value of a. 

By Prop. Judson. — If it = 0, independently of a, then u is not a func- 
tion of a;, and du-^dx is without meaning. 

If a is a constant, then a cannot = oo. If a is a variable, independent 

of x, and a = oo, i. e. a increases without limit, then =an infinites- 
imal (not = 0), and u is therefore indeterminate; du-i-dx — cos ax is also 
indeterminate, and there is no paradox. 

By Prop. Barbour. Let u = smM ^ x ■ ** = cos 360a;. Now for x 

360 ax 

= 1°, or 2° or any other integral number of degrees, u — 0; -j- — cos 0° 

= 1. Hence it is clear that u may be equal to 0, and yet du-t-dx = 1. 



SOL UTIONS OF PROBLEMS. 



342. By Prof. Kershner. — "Prove Schlomilch's Theorem : If D a , D h , . . 

T> n are divisors of 10*+1, so that JV , .= 10 *+ 1, N h = — ^1, N n = HJ 1 

D a J-'b -L'k 

the k digits or figures of the whole numbers D a — 1, D b — 1, D n — 1 are the 
k first figures of the circulator or period of ^-, — -, -==■, respectively. 

■**a- -^*& ^*»* 
SOLUTION BY PROP. J. SCHEPPER, HARRISBURGH, PA. 

A well known principle relating to circulating decimals is as follows: 
If l-i-M produces a period of 2k dieimals, the remainder after the kth 

digit is (M — 1), and the following decimals can be obtained by subtracting 

each digit from 9. 

Now let 10* -f 1 = MN, where M and N may be prime factors or the 

product of such ; and denote by x the number which represents the first k 
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decimals, then we have obviously according to the above principle : 
1 x . M— 1 , (10* +1)— M 

M = W+WHi* whence ' = M ' 

but 10* -\-l = MN, .-. x = {MN-M)-i-M=N-l ) which proves the theorem. 



Solutions of problems in No. 3 have been received as follows : 

From R. J. Adcock, 352; Marcus Baker, 351 ; Prof. W. P. Casey, 346, 

349, 350, 351 ; Prof. H. T. Eddy, 354; Prof. W. W. Hendrickson, 346; 

O. L. Mathiot, 351 ; Prof. E. B, Seitz, 349, 351, 352, 353; Prof. J. Schef- 

fer, 347, 348, 351 ; R. S. Woodward, 347, 348. 



346. "Chords of the parabola y 2 = 4ax are drawn through the fixed 
point (h, k); required the locus of the intersection of normals drawn at the 
extremities of the chord." 

SOLUTION BY PROF. W. W. HENDRICKSON. 

Let the equation to the chord be y x — k = m 1 {x 1 — h) .... (1), and the 
equation to the parabola y\ = 4ax . . (2) ; combining (1) and (2) we have 
ylm 1 — 4ay 1 J f4:ak — 4am 1 h = 0. 
Let the roots of this equation be a and /?, then a-\-fi = — , «/?= — lJ 

Jib* ifi/-t 

Let ro 2 , m s be the direction ratios of the normals, then 

— a — 8 k — m,h . — 2 

ro 2 = — — , m, — --J-, m„m„ — J-, m„+m 3 = 

2 2a' 3 2a' 2 3 am 1 2 3 m 1 

Taking the origin at (2a, 0), the equation to the normal is y = rnx — aw?; 

Denote the roots of this equation by m 2 , m s , m 4 ; then m 2 -fm 3 +m 4 = 0, 

, , , — 2 , 2 , — y k — m,h 2 

but m„ 4-TOo — , hence m 4 = — , also m,«m,om, = — s - = '— — , 

2 s m, x ' 4 m, 234 a ami TOj 

or y = - ' m " i l ~ C '. Substituting this value of y in the equation to the nor- 

mal we find x = A-j-- 5 — - ; or moving the origin again to (A, 0) we have 

2(m ] A— &) 4a — krn 1 

y — 7, — , *£ — * • 

Finally eliminating m 1 between these two equations, the equation to the 
required locus is 

(4cA— k*)(ky+2hx) --= 2(2ay + kx)' i . 



347. "Given z — a sin (*+«) + b sin (y+fi), reduce z to the form 
z = Dsm±{x + a+y+B-\-d)." 
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SOLUTION BY R. S. WOODWARD, U. S. LAKE SURVEY, DETROIT, MICH. 

Put a = e-\-d and b — c—d. Then 

z = c[sin (x-\- «)-f sin (y+jff)]+d[sin (rc+a)— sin (y-f/?)] 
= 2c sin J(a;-j-«+2/-|-/3) cos J(«-(-«— y — /?) 

+ 2cZcos J(.T+«+?/+/5)sin|(a; + « + 2/+^)- 
Now put 2ccosi(a;-)-a— y — /?) = Dcos^d, 

2ds'm \{x-\-a — y— /?) = X) sin |<?, and we get 



348. "Show how to determine the values of x and z which will render 
u — -f2« 1 cos( qz-j-lqx+ft^sinlqx 
+2a 2 cos(2qz+ qx-\-j3 2 )sm qx 
+ 2a 3 cos(3g2+|ga; + /9 s )sin \qx 

+ 

-\-2a n cos(nqz-\-^qx-\-,d n )sin \qx, 
a max. or min., a lt « 2 , etc., /? t , /9 2 , etc. and q being constants." 

SOLUTION BY R. S. WOODWARD. 

For brevity this expression may be written 

u = 2I r ^.\a r cos (rqz-\-%rqx+j3 r ) sin \rqx. 
Hence for a max. or min. 



(1) 



— = 2o2 r " { ra r°- os ( r 1 z +2 r 9 x +^r) cos \rqx 
dx r =i I retain (rqz-\-\vqxA-$ r ) sin Jr^a; 



(2) 



2ql r r =\ra r cos (r^-J- rga: -f j3 r ) = 0. 
■ — 2ql ra r sm (rqz-\-%rqx-\-ft r ) sin \rqx = 0. 



dz ~r=l 

Subtracting twice (2) from (1) there results 

(3j 2qZ^lra r cos(rqz+p r ) = 0. 

The last eq'n will give the critical values of z. Denote them by z u z 2> 
... z m . Then the critical values of x corresponding to z x will be 0, (z--z ), 
( z s~ z i)>-- •{z m —z 1 ),amcez 1 and either of these values of a; will satisfy (1). 
Collectively the critical values of a; corresponding to any critical value of z 
are shown in the following table : 



Crit. val's of 2 



z., 



Corresponding critical values of a; 



0, (z 2 — Zl ), {z s —z 1 ),...(z m —z 1 ) 

"2 2 )> . 0, ( z 3— Z l), • • ■ ( z m— Z 2 ) 

°> • • • (2m— Z%) 



(2 t — « 8 ), (2 2 — Z Z ), 
(2] — Z„,), ( z 2 2 m ), 
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It may be remarked that the series u, expresses in general terms the cor- 
rection for periodic error to the observed value of an angle measured on a 
circle read by q equidistant microscopes, z being the reading of either mi- 
croscope and x the angle observed, or the difference between the means of 
the microscope readings in their two positions. When for any instrument 
the values of the constants a 1 , « 2 , etc., /9 X , /9 2 , etc., are known, it may be 
important to know what values of z and v will render u a max. or min. 

The practical application of equation (3) presents no special difficulty, 
since the roots z lf z 2 , etc., are not generally required with any great pre- 
cision. By computing for each term of (3) its value for a few equidistant 
intervals throughout its period, the curve represented by 

E' r ^[ra r cos (rqz -f- /9,) = y, say, 

may be plotted and the values of z, making y = 0, readily detected. 



349. "From auy point B of a circle, whose radius is a, a perpendicular 
BR is drawn to a fixed straight line whose distance from the centre is b; 
and from R a perpendicular RD is drawn to the tangent at B. Produce 
RD to P making DP = RD. Find the rectangular equation of the locus 
of P, and of the evolute of this locus." 

SOLUTION BY PEOF. E. B. SEITZ, KIRK8VILLE, MO. 

Let AFA'F' be the given circle, and GG' the given straight line. Draw 
the diameter AA' perpendicular to GG', and FF' parallel to GG'. 

Let B, C be two consecutive points in the circumference, and P, Q the 
corresponding points in the locus, CS being drawn perpendicular to GG', 
and SQ perpendicular to the tangeut at C. Produce PB to K in A, and 
QC to Tin BK, and draw PM and TN perpendicular to OA. 

Let OA = a, OH = b, 0Jf = , 
x, PM = y, ON = x', TN = 
£AOB = d, and arc BC = i. 

Then since /_ GBR = 90° — 9 1 
= BGT, OQ - CS = BR— isint 
= BP — i sin 0, and CT = BT + I 
isin 9; hence OQ +CT=BP + \ 
BT, or QT = PT. Therefore Tis 
the point in the evolute of the curve! 
corresponding to P. 

We have BP = a cos 9—b, BK\ 
= OK = kisecfl, MK. sin MKP \ 



y', 
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= PM sin MPK, or (x — Ja sec 6) sin 20 = y cos 20, whence 

x sin 26 — y cos 20 = a sin 0. (1) 

We also have MK cos MKP-i-PM cos JfP^T = P^, or 

(* — Jasec 0) cos 20+ysin 26 = Jasee 0-|-acos — ft, whence 

x cos 26 +y sin 20 = 2a cos 6—b. (2) 

The sum of the squares of (I) and (2) gives 

Sa 2 oos 2 6— 4ab cos 6-{x 2 +y 2 — a 2 — b 2 ) = 0. 
The sum of (1) multiplied by sin 26, and (2) multiplied by cos 26 gives 
2a cos 3 0— 26 cos 2 0— (a— 6) = 0. (4) 

Subtracting (3) multiplied by 2 cos 6, from (4) multiplied by 3a we have 
2aft cos 2 + 2(a; 2 +2/ 2 — a 2 -ft 2 ) cos 6— 3a (as— ft) = 0. (5) 

Subtracting (3) multiplied by 2ft, from (5) multiplied by 3a, we have 
[tj^+^—a 2 — ft 2 )+8ft 2 ]acos(?— [9a 2 (a;-ft)~2ft(a; 2 +3/ 2 -a 2 -ft 2 )] = 0. (6) 
Subtracting (5) multiplied by x 2 + y 2 — a 2 — ft 2 , from (3) multiplied by 
3a(a; — ft), we have 

[9a 2 (a;-ft)-2ft(a; 2 -f2/ 2 -a 2 -ft 2 )>cos0— [12a 2 ft(«-ft) + 2( a; 2 4-2/ 2 -a 2 -6 2 ) 2 ] = 0. (7) 
From (6) and (7) we find 
4(a: 2 +2/ 2 — a 2 )(a; 2 + y 2 - a 2 — ft 2 ) 2 + 36a 2 ft(;i— ft)(a; 2 +t/ 2 — a 2 — ft 2 ) 

+32a 2 ft 3 (a— 6)— 27a 4 (a;— ft) 2 = 0, 
the equation of the locus of P. 

Since the angle PTQ = 2BOC, we have BC:±BCsm BCT:: BO : BT, 
or i : Jicos 6 :: a:BT, whence BT — Jacos 6. Hence we have 

KT = \a sec d— Ja cos 6 = |a sin 2 sec 0, TJV" = iTT sin TEN, or 

t/' = la sin 2 /? sec sin 20 = a sin 3 0. (8) 

We also have KN = JiTTcos TiTiV= Ja sin 2 /? sec 6 cos 20, and 
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350. "A series of circles touching each other at a point are cut by a fix- 
ed circle; show (by third Book of Euclid) that the intersections of the pairs 
of tangents to the latter, at the points where it is cut by each of the other 
circles, lie in a straight line." 

SOLUTION BY PROF. W. P. CASEY, SAN FBANCISCO, CAL. 

Let BGH, BCB, REP, &c. be the series of circles touching each other 
at the point R, and the fixed one intersecting thein in the points G, H; 
C, B; E, F; &c. ; I, A, D, &c, the intersections of the tang'ts from these 
points. Then will 1, A, D, &c, 
be in a straight line. 

For if not, allow DA when pro- 
duced not to pass through i". Join 
OD, OA and 01 intersecting DA 
in </, and draw the tangent R8. 
Join FE and produce it to meet RS I 
in x; BC and HG will also pass 
through x. Join YP and PQ. The 
figure OQPYX is inscriptible in a 
circle, the angles OQX, OPXanA 
YX being right angles, and . ■ . 
/OYP=^ ZPQF; but OYP = DAP, because ADYP is also inscript- 
ible in a circle, as DOxOY= AOXOP, each being equal to B 2 . There- 
fore /_PQF= DAP, whence the figure APQJ is inscriptible in a circle, 
therefore AOXOP = JOX OQ = B?= OIXOQ, whence 01= OJ which 
is impossible; . *. D, A, J are in the same straight line. 




351. "In a place triangle ABC, a line from C perpendicular to AC 
meets AB in M and another from C perpendicular to BC meets AB in 
N; knowing the sides a and b and the intercept MN=m, it is required to 
determine the triangle." 

SOLUTION BY PROP J. SCHEFFER, HARRISBURGH, PA. 

Denoting the angles of the triangle ABC lying opposite the sides a and 

b by A and B, respectively, and the third side AB, by x, we have CN = 

a tan B, CM = b tan A. Also CNs\nB+ CM sin A = m, therefore 

a tan i?sin B-\-b tan A sin A — m, or 

asin 2 i? , b sin 2 A 
— - -f- 7- — w^- 
cos B cos A 

Subst'ng for sin B, cos B, &c, their values, found from the sides a, b, x, 

^ + rm i —2(a 2 + b i )x^+(a 2 —b 2 fx—m(a i —b 2 ) 2 - 0. 
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352. "Two chords of equal but unknown lengths are drawn at random 
in a given circle; find the chance of their intersection." 

[Prof. Seitz obtains for answer to this problem 2-5-jt, while Mr. Adcock 
gets \n. The difference in these results arises from different conceptions of 
the problem. In both solutions the first chord is supposed to be drawn 
from any fixed point to every other point in the semi circumf., and in Mr. 
Seitz's solution the intersections are supposed to occur at equidistant points 
on the first chord ; while in Mr. Adcoek's solution the second chord is sup- 
posed to be drawn from equidist. points in the arc subt'd by the first chord. 

As these two methods give different results, and no good reason is appa- 
ent why one should be adopted rather than the other, we dismiss the quest.* 
for the present and until further discussed by our contributors. 

Solutions of 353 and 354 (incorrectly printed 353 at p. 104) will be pub- 
lished in the Sept. No— Ed.] 



PROBLEMS. 



355. By Benj. Headley, Dillsborough, Ind. — The length of a garden, in 
the form of a parallelogram, is one rod greater than the breadth. Within 
the garden is a fountain; and a gravel walk extends diagonally across the 
garden, from corner to corner, and the distance from the fountain to one 
end of said walk is three rods, and to the other end four rods; and from 
this end of the walk, along one end of the garden, to the next corner, and 
from thence to the fountain, is eight rods. Required the area of the garden. 

356. By Prof. Casey. — In a triangle ABC, BD is perpendicular to the 
base AC, and is the center of gravity of the triangle. Join AO, DO & 
CO. Given the base AC and the angles AOD, A OC to construct the tri- 
angle ABC. 

357. By Prof. De Volson Wood. — An elastic string without weight and 
of given length, has one end fixed in a perfectly smooth horizontal plane, 
and the other to a point in the surface of a sphere, the string being un- 
wound. The sphere is projected on the plane from the fixed point with a 
linear velocity v and an angular velocity oi, winding the string on the cir- 
cumference of a great circle; required the elongation of the string when 
fully stretched, and the subsequent motion of the sphere. 

358. By P. 8. Woodward. — Given the angles A, B and C of a plane 
triangle, and d log a, d log b and d log c; a,b,c being the sides respectively. 

What are the corresponding values of dA, dB and dC expressed in sec- 
onds of arc? 



